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The 7 giants of statistics 2

1. Jacob Bernoulli (1654 - 1705)
Famous Swiss mathematician. The law of large numbers.

2. Abraham De Moivre (1667 - 1754)
French Hugenot, who escaped to England. Friend of Newton. Proved
the Central Limit Theorem for binomial distribution.

3. Pierre Simon Laplace (1749 - 1827)
From middle-class French to top scholar in Paris. First proof of a
general CLT.

4. Carl-Friedrich Gauss (1777 - 1855)
The prince of mathematics. The method of least squares.

5. Karl Pearson (1857 - 1936)
Great organizer. Founded first statistics department.

6. Ronald Fisher (1890 - 1962)
Multiple contributions transforming mathematical statistics.

7. Jerzy Neyman (1894 - 1981)
Adopted Fisher’s framework, brought it to continental Europe.



Jacob Bernoulli (1654 - 1705) 3

Contributions:

– Showed that the harmonic series
∞∑

n=1

1
n diverges.

– Found that
∞∑

n=1

1
n2 < 2, but could not find the exact value.

– The Law of Large numbers (published in his foundational book Ars
Conjectandi).
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Ars Conjectandi 4

– The terms combinations and permutations for the first time.

– Derivation of the Bernoulli numbers.

– The law of large numbers
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The law of large numbers (LLN) 5

Assume you have 5000 chocolate bars. 2000 of them are dark and 3000 are
white.

How many of them should you sample (check out), to be sure that the
observed frequency is within 2% of the true frequency (2/5), with very high
probability (say 1000/1001, or as Bernoulli wrote “with moral certainty”)?

This was the question asked by Jacob Bernoulli. He showed that the
observed frequency will get infinitely close to the true frequency, if we take
big enough sample (i.e., the Law of Large Numbers).
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LLN 6

Cardano first stated without proof that the accuracies of empirical statistics
tend to improve with the number of trials.

It took Jacob Bernoilli 20 years to give rigorous proof in Ars Conjectandi,
where he called it “Golden Theorem”.

Then name “Law of large numbers” was coined by Poisson.

Pascal, J. Bernoilli and others were driven by theological concerns. They
believed that God leaves nothing to chance (as oppose to Aristotle and other
ancient philosophers).



LLN 6

Cardano first stated without proof that the accuracies of empirical statistics
tend to improve with the number of trials.

It took Jacob Bernoilli 20 years to give rigorous proof in Ars Conjectandi,
where he called it “Golden Theorem”.

Then name “Law of large numbers” was coined by Poisson.

Pascal, J. Bernoilli and others were driven by theological concerns. They
believed that God leaves nothing to chance (as oppose to Aristotle and other
ancient philosophers).



St.Petersberg paradox 7

Stated by Nicolaus Bernoulli (nephew of Jacob and Johann). Explanation
provided by his cousin Daniel (the son of Johann), who introduced utility
functions.

The paradox
Toss a fair coin until you get an H.

If you toss H the first time, you get 2 coins. If, at the 2nd time - 4 coins, . . .,
if at the i-th time, you get 2i coins.

How many coins you will pay to play the game?



The Central Limit Theorem 8

The same Nicolaus Bernoulli asked: If we know the true probability p and
we sample n chocolates, what is the chance that the observed number of dark
chocolates lie in a given interval around its expectation n · p?

Abraham de Moivre published a complete solution of the problem in his The
Doctrine of Chances (1733) using calculus.
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The Central Limit Theorem (CLT) 9

In fact, de Moivre showed how a collection of random observations would
distribute themselves around their average, i.e., he found the Normal
distribution (though he did not looked at it as a distribution).



CLT - Moivre version 10

Moivre showed that the normal distribution may be used as an
approximation to the binomial distribution.



CLT - formulation 11

Theorem 1 (Central Limit Theorem)
Let X1,X2, · · · ,Xn, . . . are i.i.d. random variables. For each i,
E(Xi) = µ < ∞ and Var(Xi) = σ2 < ∞. Then, when n → ∞,

X1 + X2 + · · ·+ Xn −→
d

N(nµ, nσ2).

This is amazing, as it works for any distribution of the Xs !

Unsurprisingly, the Normal distribution pops up everywhere. Examples are
height, birth weight, reading ability, job satisfaction, or SAT scores.

Laplace was the first one to give a solution in the general case (1810).
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The Normal distribution 12

Actually, what is the Normal distribution?

All important objects in mathematics are just those having some unique
properties (e.g., the Fibonacci numbers, the numbers π, e.)
What are those unique properties for the normal distribution?

The normal distribution is the only one with these properties!
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Gauss and the least squares method 13

You have n observations, (x1, y1), (x2, y2), . . . , (xn, yn). You know the true
data is on a straight line, but you have some errors ϵi added, i.e.,

yi = axi + b + ϵi.

What is the best line ax + b you can pick?



The least squares method 14

In 1805, Legendre was the first to give intuitive explanation that one shall
pick a0x + b0, such that

n∑
i=1

(yi − (a0xi + b0))
2.

is as small as possible.

In 1811, Gauss gave a prove that this line is indeed “the most probable”,
given the data.

Gauss made the assumption that the so-called residuals ϵi ∽ N(0, σ2), for
any i ∈ [n] and a fixed σ < ∞.



Thomas Bayes. The inverse probability problem 15

An English statistician, philosopher and Presbyterian minister, who solved
the inverse problem:

If we don’t know p and we have n chocolates with observed frequency p̂ of
the dark, what is the distribution of the true p?



Who was Bayes 16

Born in 1702 in London.
Not allowed to study at Oxford or Cambridge as a son of a Nonconformist
Christian.

He went to University of Edinburgh to study logic and theology. Then, he
worked at a Protestant church there during his whole life.

Very talented in math, but has not published any mathematical works except
criticism of Bishop Berkeley’s criticism of analysis.

His essay containing his Bayes’ formula was published after he died by a
friend of him.
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Bayes’ formula 17

It guide us when our intuition is wrong!

Example: A test detects cancer with probability 100%, when there is cancer
and with 21% chance when there is no cancer (false positive).

You get positive test results. Are you 79% sick?

P(H) = 0.01 (1% of the people have cancer)
P(Hwrong) = 0.99 (99% do not have cancer)
P(E|H) = 1 (the test is always correct when there is cancer)
P(E|Hwrong) = 0.21 (the test gives a false positive in 21% of the cases).

P(H|E) = P(E|H)P(H)
P(E|H)P(H)+P(E|Hwrong)P(Hwrong)

= 1·0.01
1·0.01+0.21·0.99 = 0.0459
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Karl Pearson (1857 - 1936) 18

English statistician who founded the first statistics department (at University
College London /UCL/).
Two contributions:

– The correlation coefficient even though for him correlation and
causation were the same!

– p-value



Correlation 19

Example that correlation does not imply causation:
Subjects with low cholesterol correlate with an increase in mortality.
Therefore, low cholesterol increases your risk of mortality.



Ronald Fisher (1890 - 1962) 20

Another very important name in contemporary statistics!

Contributions:
– Introduced the way we use linear regression now!
– Maximum Likelihood principle
– Fisher’s test: Having two data samples, can we say whether they come

from the same distribution?



Jerzy Neyman (1894 - 1981) 21

Polish statistician. Great organizer. He connected the statisticians in the UK
with those of Europe and the US ().

Contributions:

– Confidence intervals

– the Neyman-Pearson lemma (with Karl Pearson’s son)
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