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What is Calculus all about?

– Finding maximum and minimum values (extrema) of functions!
– Finding tangents to curves (why is this related to the previous
question?).
– Finding lengths or areas below certain curves (or areas of certain
figures).
– Finding volumes.
Remark: The more general term “Mathematical analysis” can refer to real
analysis, complex analysis, functional analysis, etc.
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Invention of calculus

Calculus - a unified theory for solving these problems (see the previous
slide). Some important people involved:
· Archimedes
· Kepler, Fermat, Descartes
· Cavalieri and Torricelli
· John Wallis
· Newton and Leibniz
For detailed information, see Chapter 12 of “A History of Mathematics. An
introduction” by V.J. Katz.
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1. A walk through some important ideas (by some of the mentioned
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Outline

1. A walk through some important ideas (by some of the mentioned
people).
2. The problem with the indivisibles (infinitesimals).
3. The conflict between Newton and Leibniz.
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First ideas (tangents) - Kepler

Johannes Kepler (1571-1630)

In 1615, Kepler proved that the parrallelepiped with the largest volume that
can be inscribed in a sphere with a fixed radius is a cube!
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First ideas (tangents) - Fermat

Pierre de Fermat (1607-1665)

In late 1620s, Fermat generalized the idea of Kepler looking at the following
problem:
Can we divide a line of length b into two parts with product c?
Also, what is the maximum possible value of c for a fixed b?
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This well-known problem translates into:
Find the maximum value of c, for which
f (x) = −x2 + bx − c = 0,
where b is some given number?
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First ideas (tangents) - Fermat

This well-known problem translates into:
Find the maximum value of c, for which
f (x) = −x2 + bx − c = 0,
where b is some given number?
The steps of Fermat:
– This equation must have two roots x1 and x2 . So set f (x1 ) = f (x2 ).
– The maximum must occur when x1 = x2 , so set x1 = x2 = x in what you
previously got.
Try this for f (x) = 2x2 − x3 , as well.
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Why do you discard 0 as a possible solution? What if you have several roots?
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Fermat was using the geometric intuition to motivate his method, so he was
not interested in the first two questions.
He also managed to make his method somewhat more general and to show
how it can be adapted to determine a tangent to a parabola!
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First ideas (tangents) - Fermat

Reasonable questions for Fermat: How do you know you find the maximum?
Why do you discard 0 as a possible solution? What if you have several roots?

Fermat was using the geometric intuition to motivate his method, so he was
not interested in the first two questions.
He also managed to make his method somewhat more general and to show
how it can be adapted to determine a tangent to a parabola!
Nevertheless, his work was substantially criticized and challenged by the
already famous philosopher and mathematician Rene Descartes!
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First ideas (tangents) - Descartes

Rene Descartes (1596-1650)

Descartes criticized Fermat, because the younger mathematician found
independently most of analytical geometry.
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First ideas (tangents) - Descartes

Rene Descartes (1596-1650)

Descartes criticized Fermat, because the younger mathematician found
independently most of analytical geometry.
In his “Geometry”, Descartes showed a method to find the tangent to a curve
at any point. His enthusiasm about this result can is clear from the following
quote:
I dare to say that this is not only the most useful and most general
problem in geometry that I know, but even that I have ever desired
to know.
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Infinitesimals in area calculations
Take a circle with radius 1. Its area is one half of its circumference. Kepler
(and supposedly Nicholas of Cusa 100 years before that) used the following
argument to prove that:
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Infinitesimals in area calculations
Take a circle with radius 1. Its area is one half of its circumference. Kepler
(and supposedly Nicholas of Cusa 100 years before that) used the following
argument to prove that:

He assumed that the circle is comprised of infinite number of triangles with
altitude 1.
Kepler’s very thin triangles illustrated the method of infinitesimals. Galileo
(as Archimedes) used the method of indivisibles in which each geometric
object is made of objects of dimension smaller by one.
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Infinitesimals in derivative calculations

Newton and Leibniz also used infinitesimals. Here is an example:

Consider a falling stone. Both its position s(t) and its velocity v(t) are
functions of the time t. A key fact in calculus is that if either of the two is
given, the other can be determined!
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Infinitesimals in derivative calculations

Newton and Leibniz also used infinitesimals. Here is an example:

Consider a falling stone. Both its position s(t) and its velocity v(t) are
functions of the time t. A key fact in calculus is that if either of the two is
given, the other can be determined!
s(t) = 16t2 (follows from s(t) =

gt2
2 ).

How to find v(t) at, say, t = 1?

v(t) = ds/dt = 32 + 16dt, when t = 1. Since dt is infinitely small, we
assume that the instatenous speed is 32...But is this fair?
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Is it legitimate to use infinitesimals?
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George Berkeley (1685-1753)
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In his book “The Analyst”, we find the following criticism:
After all, dt is either equal to 0 or not equal to 0. If it is not 0, then
32 + 16dt is not equal to 32. If it is 0, then the fraction ds/dt is the
meaningless expression 0/0...
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Is it legitimate to use infinitesimals?
Not, according to the Irish philosopher Bishop Berkeley

George Berkeley (1685-1753)

In his book “The Analyst”, we find the following criticism:
After all, dt is either equal to 0 or not equal to 0. If it is not 0, then
32 + 16dt is not equal to 32. If it is 0, then the fraction ds/dt is the
meaningless expression 0/0...
Berkeley’s logic could not be answered, yet infinitesimals were used for
another century!
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Definition (velocity)
The velocity at time t is the number v, if for any ϵ > 0, ∃δ > 0 which
depends on ϵ and t, such that |ds/dt − v| < ϵ, for all values of dt < δ.
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The limits of Karl Weirstrass seemingly resolved the problem.

Karl Weirstrass (1815 - 1897)

Definition (velocity)
The velocity at time t is the number v, if for any ϵ > 0, ∃δ > 0 which
depends on ϵ and t, such that |ds/dt − v| < ϵ, for all values of dt < δ.
Why is this avoiding the previous issues?
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Opinions on infinitesimals

Several famous mathematicians had contradicting opinions and intuition
about the usage of infinitesimals:
For example, Kepler, Pascal and Marquis de L’Hopital (who was a student of
Leibniz and wrote the first Calculus textbook) did not see a problem in using
arguments involving infinitesimals.
Archimedes used them, but they stated that rigorous proofs shall be also
given. The whole Jesuit order was against infinitesimals and Cantor referred
to infinitesimals as “paper numbers” and “cholera bacillus of mathematics”!
Newton tried to avoid infinitesimals.
Leibniz did not claim that infinitesimals existed, only that one can use them
without error.
Leibniz was right, because of the following...

14

Robinson’s non-standard analysis
In 1960s, Abraham Robinson showed indeed that one can use infinitesimals
without error!

Abraham Robinson (1918-1974)

What he showed is that a new set of numbers can be introduced called
hyperreals that include R and infinitesimals numbers. Furtheremore, any
true statement about the real numbers is true in this new model.
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More on areas

16

Bonaventura Cavalieri (1598-1647)

By 1647, Bonaventura Cavalieri had found the area below each of the curves
y = xk for x from 0 to some number b. In modern notation, that is
Z
0

b

xk dx =
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Bonaventura Cavalieri (1598-1647)

By 1647, Bonaventura Cavalieri had found the area below each of the curves
y = xk for x from 0 to some number b. In modern notation, that is
Z
0

b

xk dx =

1 k+1
b
k+1

This was also discovered by Fermat, Pascal, Roberval and Torricelli (a
disciple of Galileo) in the same period.

More on areas
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Evangelista Torricelli (1608-1647)

Torricelli also used indivisibles, but warned that they can lead to paradoxes.
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Evangelista Torricelli (1608-1647)

Torricelli also used indivisibles, but warned that they can lead to paradoxes.

The famous paradox of Torricelli

John Wallis
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John Wallis (1616-1703)

Wallis was the first to find that
Z

1

p

x q dx =
0

p
q

1
+1

John Wallis
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John Wallis (1616-1703)

Wallis was the first to find that
Z

1

p

x q dx =
0

p
q

1
+1

He had a famous debate (that continued 20 years) with Thomas Hobbes - an
English scholar and amateur mathematician.

More on Wallis

Wallis’ most famous discovery is the approximation of π given by:

R1
1
To discover this, Wallis tried to compute 0 (1 − x2 ) 2 dx (to find the area of a
circle with radius 1).
R1
1
He looked at the more general problem 0 (1 − x p )n dx and he was able to
solve it for integers p, n using indivisibles, but he was unable to deal with
fractional powers.
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More on Wallis

Wallis’ most famous discovery is the approximation of π given by:

R1
1
To discover this, Wallis tried to compute 0 (1 − x2 ) 2 dx (to find the area of a
circle with radius 1).
R1
1
He looked at the more general problem 0 (1 − x p )n dx and he was able to
solve it for integers p, n using indivisibles, but he was unable to deal with
fractional powers.
Thus, he used interpolation (a word introduced in his work). That work was
later used by Newton when he discovered the binomial theorem (in its
general case)!
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Interesting facts about Wallis

· People say he did mental calculations while sleeping (including
computing the square root of 53 digits number).
· He introduced the symbols ∞ and ≥.
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Interesting facts about Wallis

· People say he did mental calculations while sleeping (including
computing the square root of 53 digits number).
· He introduced the symbols ∞ and ≥.
· He was extremely good at code-breaking even before he became a
mathematician (Wallis started doing mathematics when he was 33 years
old).
· He was the first historian of mathematics (with his Treatise on Algebra).
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The Fundamental Theorem of Calculus
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21

The Fundamental Theorem of Calculus
FTR, part 1:

FTR, part 2:

This very important theorem establishing the relation between integration
and differentiation, was first found not by Newton or Lebniz, but by the
remarkable Isaac Barrow!
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Isaac Barrow
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– He was the first Lucasian Professor in mathematics at Cambridge.
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Isaac Barrow (1630 - 1677)

– He was the first Lucasian Professor in mathematics at Cambridge.
– Later he resigned to become a royal chaplain.
– Known for his proof of the FTC.
– Later, Newton used his idea of curves generated by motion.

Newton
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Isaac Newton (1643 - 1727)

Newton
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Isaac Newton (1643 - 1727)

Newton studied math mostly by his own!
Some discoveries:
· binomial theorem
· power series and the concept of limit
· Sin and Cos series
· general procedures for finding areas

The Binomial theorem

24
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(a + b)0 = 1.
(a + b)1 = a + b.
(a + b)2 = a2 + 2ab + b2 .
(a + b)3 = a3 + 3a2 b + 3ab2 + b3 .

..
.
 
 


n n−1
n n−2 2
n
(a + b) = a +
a b+
a b + ··· +
abn−1 + bn .
1
2
n−1

Newton rediscovered Pascal’s formula nk = n(n−1)···(n−k+1)
looking at the
k!
same problem as Wallis!
n

n

Approximation of π

Newton used the formula to write
√

1
(− 1 )
1
1
(1/2)(−1/2)(−3/2)
1 − x = (1−x) 2 = 1+ (−x)+ 2 2 (−x)2 +
··· =
2
2!
3!

1
1
5 4
1
x + ···
= 1 − x − x2 − x3 −
2
8
16
128
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Newton used the formula to write
√

1
(− 1 )
1
1
(1/2)(−1/2)(−3/2)
1 − x = (1−x) 2 = 1+ (−x)+ 2 2 (−x)2 +
··· =
2
2!
3!

1
1
5 4
1
x + ···
= 1 − x − x2 − x3 −
2
8
16
128
This formula gave him a way to approximate any square root very precisely!
√
For ex., take 7.
q
q
q
√
We have 7 = 9 97 = 9(1 − 29 ) = 3 1 − 29 .
Newton also derived the series for sin and cos. How?
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Derivation of sin and cos

First, Newton obtained
√

1
1
1
3
= (1 − x2 )− 2 = 1 + x2 + x4 + . . . .
2
8
1 − x2
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First, Newton obtained
√

1
1
1
3
= (1 − x2 )− 2 = 1 + x2 + x4 + . . . .
2
8
1 − x2

He knew that (arcsin x)′ =
term to get

√ 1
,
1−x2

so he integrated the series above term by

3 x5
1 x3
+
+ ...
2 3
8 5
Then, Newton had a method to solve f (x, y) = 0 for y in terms of power
series for x. So he found
arcsin x = x +

1
1 5
x = sin y = y − y3 +
y + ...,
6
120
p
as well as the series for cos y = 1 − (sin x)2 .

Power series

These series were known around 200 years before that in India. The series

was found a few years before Newton found the sin and cosine series. In
1668, Nicolaus Marcator published a work and a proof that this is a series
for the logarithm. Mercator used results of Wallis.
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Power series

These series were known around 200 years before that in India. The series

was found a few years before Newton found the sin and cosine series. In
1668, Nicolaus Marcator published a work and a proof that this is a series
for the logarithm. Mercator used results of Wallis.
Why were people in India and elsewhere interested in finding such
formulas? Probably, because they wanted to get certain lengths of circular
arcs, needed for astronomical calculations!
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Important works of Newton
Principia Mathematica (Mathematical Principles of Natural Philosophy),
1687 - formulates his laws of motion and uses mathematics to derive “the
system of the world”.

British stamp for the 300th anniversary of the Principia
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Important works of Newton
Principia Mathematica (Mathematical Principles of Natural Philosophy),
1687 - formulates his laws of motion and uses mathematics to derive “the
system of the world”.

British stamp for the 300th anniversary of the Principia

The Principia defined the study of physics for the next 200 years. was much
more complicated than the 10 page work On the motion of bodies in an orbit
sent to Edmond Halley 3 years yearlier.
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Important works of Newton

A Treatise of the Method of Fluxions and Infinite Series, 1737 - work
containing his discovery of calculus (made 60 years earlier).
Opticks, 1704 - containing ground-breaking results in optics.
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Important works of Newton

A Treatise of the Method of Fluxions and Infinite Series, 1737 - work
containing his discovery of calculus (made 60 years earlier).
Opticks, 1704 - containing ground-breaking results in optics.
At the end of his life he published some theological works:
Observations upon the Prophecies of Daniel and the Apocalypse of St.
John, 1733
A Dissertation upon the Sacred Cubit of the Jews, 1737
Four Letters from Sir Isaac Newton to Doctor Bentley concerning Some
Arguments in Proof of a Deity, 1756
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Leibniz
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Gottfried Wilhelm Leibniz (1646 - 1716)

R
· Calculus of differentials (plus the notations d and )
· FTC and differential equations
· Made his discoveries by early 1690s, but did not publish them for
several years.

Other accomplishments of Leibniz

– calculating machine that can add, subtract and take roots!
– devised a program for legal reform of the Holy Roman Empire
– presented a military plan to Louis XIV
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The Newton - Leibniz rivalry

Important facts:
· Newton was also hesitant to publish (his Analysis with Infinite series
written 1669 was unpublished)
Two major reasons are: the Great Fire of London in 1666 and the
criticism of Robert Hook to Newton’s 1672 paper on optics.
(The Principia was published in 1687 because Edmund Halley urges)
· Leibniz published first (1684)
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The Newton - Leibniz rivalry

Important facts:
· Newton was also hesitant to publish (his Analysis with Infinite series
written 1669 was unpublished)
Two major reasons are: the Great Fire of London in 1666 and the
criticism of Robert Hook to Newton’s 1672 paper on optics.
(The Principia was published in 1687 because Edmund Halley urges)
· Leibniz published first (1684)
· Several scholars intervened in the debate - the Bernoulli brothers, John
Wallis and others.
· Newton acknowledged Leibniz in his first edition of the Principia, but
in a later edition he removed these acknowledgments.
Overall, was there a plagiarism? Most probably not.
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