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Combinatorics 2

Combinatorial Mathematics, or “Combinatorics”, regarded as
originating in the Ars Combinatoria of Leibniz, has to do with prob-
lems of arrangement, operation, and selection within a finite or dis-
crete system.

– A.W. Tucker

Combinatorics is the nanotechnology in mathematics.

– Sara Billey
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Indeed, combinatorics has applications in almost all branches of
mathematics and natural science!

Some of them are: algebra, geometry, topology, logic, analysis of
algorithms, statistical physics, evolutionary biology.

Branches of combinatorics:
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Other Quotes about combinatorics: https://www.math.ucla.edu/
~pak/hidden/papers/Quotes/Combinatorics-quotes.htm

and selection of my favorite of them: https://stoyandimitrov.
net/favoriteCombinatoricsQuotes.html

https://www.math.ucla.edu/~pak/hidden/papers/Quotes/Combinatorics-quotes.htm
https://www.math.ucla.edu/~pak/hidden/papers/Quotes/Combinatorics-quotes.htm
https://stoyandimitrov.net/favoriteCombinatoricsQuotes.html
https://stoyandimitrov.net/favoriteCombinatoricsQuotes.html


Euler and the Königsberg Bridges 5

An important name in combinatorics: Leonard Euler

The problem of the Seven Bridges of Königsberg is a historically notable in
combinatorics (and in mathematics).

Its negative resolution by Leonhard Euler in 1736 laid the foundations of
graph theory and prefigured the idea of topology.
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Other important names 6

We already mentioned 3 other important names in combinatorics:

– Blaise Pascal and his binomial formula.

– Leibniz and his “Ars Combinatoria”, 1666.

Its central idea was that “All concepts are nothing but combinations of a
relatively small number of simple concepts..”

– Jacob Bernoulli and his “Ars Conjectandi” (1713), where he uses the
name permutations.

Enumerative combinatorics (the most ancient subarea of combinatorics and
of math) is about counting things that are difficult to count!

Let’s see some examples...
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The Twelvefold way 7

Permutations and combinations are just two combinatorial configurations.

The popular configurations pop up, when we try to put n balls into m urns:

The 12 possible problems when putting balls into urns (boxes).

This is known as the “Twelvefold way” and is introduced by Gian-Carlo
Rota in mid 20th century (according to Richard Stanley from MIT).
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The popular configurations 8

variations - Put n labeled balls into m labeled boxes (permutations, when
m = n), with ≤ 1 balls in each box.

combinations - Put n unlabeled balls into m labeled boxes, with ≤ 1 balls in
each box.

compositions - Put n unlabeled balls into m labeled boxes, with ≥ 1 balls in
each box.
Ex. 3 + 1 + 4 + 2 = 10

partitions - Put n unlabeled balls into m unlabeled boxes, with ≥ 1 balls in
each box.
Ex. 4 + 3 + 2 + 2 + 1 = 12

Some famous mathematicians working on partitions are Ramanujan and
major Percy MacMahon.
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Percy MacMahon 9

MacMahon is considered the most important person in enumerative
combinatorics before 1960s.
In the book, MacMahon uses results of Cayley and Sylvester.
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A lesser-known fact: MacMahon appears in the movie “The man who knew
infinity”, where he outperforms Ramanujan on computational tasks.
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One result of MacMahon on partitions 11

MacMahon introduced the so-called perfect partitions. This is a partition,
which contains exactly one partition of every smaller integer.

Ex. 7 = 4 + 2 + 1.

Theorem 1 (MacMahon)
The number of perfect partitions of n = pk − 1 is 2k−1.

Ex. 7 = 23 − 1 has 22 = 4 perfect partitions, namely 7, 4 + 1 + 1 + 1,
4 + 2 + 1, 2 + 2 + 2 + 1 and 1 + 1 + . . .+ 1.
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One result of Ramanujan on partitions 12

[Rogers-Ramanujan identity] The number of partitions of n into parts ≡ ±1
mod 5 is equal to the number of partitions of n whose parts differ by at least
2.

Example:

9 = 9 = 6 + 1 + 1 + 1 = 4 + 4 + 1 = 4 + 1 + 1 + 1 + 1 + 1 = 1 + · · ·+ 1

9 = 9 = 8 + 1 = 7 + 2 = 6 + 3 = 5 + 3 + 1



Catalan numbers 13

Cn =

(2n
n

)
n + 1

.

Important numbers in enumerative combinatorics, having many
interpretations (R. Stanley has listed 66 such). Two of them are:

– Dyck paths - paths between (0, 0) and (2n, 0) with steps (1, 1) or
(1,−1), not going below the x-axis (the line y = 0).

– The number of ways to cut (n + 2)− gon into triangles:
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Another important object in enumerative combinatorics.
A derangement is a permutation for which no element appears in its original
position. For example: 2143.

The first few derangement numbers dn (for n ≥ 1) are:

0, 1, 2, 9, 44, 265, 1854, 14833

We can show that dn = (n − 1)(dn−1 + dn−2) and that

n!
n∑

i=0

(−1)i

i!
.

This is the integer closest to n!
e .
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Tilings with dominos 15

Tiling problems are also an object of study in combinatorics.

Question 1
In how many ways can you tile 2 × n rectangle with dominos (2 × 1 pieces)?

f (n) = f (n − 1) + f (n − 2)

Given that f (1) = 1 and f (2) = 2,

we find f (n) = Fibonacci(n + 1)
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Tilings with dominos 16

What about tiling 3xn rectangles with dominos?
If the number of these tilings is g(n), we can show that

g(n) = 4g(n − 1)− g(n − 2).

Finding a formula in the general case, when we tile mxn rectangle is more
complicated.
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Gian-Carlo Rota (1932 - 1999)

In 1960s, he wrote important papers establishing combinatorics, as a
separate field. He also created the strongest combinatorics group at MIT.



Algorithms 18

He have studied about al-Khwārizmı̄ - 9th century Persian mathematician.
The word “algorithm” is derived from his name, as he described some
algorithms in arithmetic with decimal numbers.

Before him, we know of some other algorithms, e.g., Euclid’s algorithm, the
Sieve of Eratosthenes.

The modern notion of algorithms emerged in the UK in the mid 20th century
with the development of computers!
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the P vs NP problem 19

Very important and still unresolved problem about algorithms.

The precise statement of the P versus NP problem was introduced in 1971 by
Stephen Cook in his seminal paper "The complexity of theorem proving
procedures" (and independently by Leonid Levin in 1973).

P and NP are 2 classes of problems. For the problems in P, we know fast
algorithms and for those in NP we do not have such yet. However, we cannot
show that P ̸= NP, even though this is what most researchers believe.
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